A quantitative version of strong localization of the Kobayashi, Azukawa and Sibony metrics near a plurisubharmonic peak boundary point of a domain in C n is given. As an application, the behavior of these metrics near a strictly pseudoconvex boundary point is studied. A weak localization of the three metrics is also given near a plurisubharmonic antipeak boundary point.
Introduction
Denote by D ⊂ C the unit disc. Let D be a domain in C n . The Kobayashi, Azukawa and Sibony metrics of D at (z, X) ∈ D × C n are defined in the following way: where L v is the Levi form of v, and the supremum is taken over all log-psh functions v on D such that 0 ≤ v < 1, v(z) = 0, and v is C 2 near z (log=logarithm, (p)sh= (pluri)subharmonic).
It is well-known that
For various properties of these metric, we refer the reader to [5] .
Recall now that a point p ∈ ∂D is called a psh peak point (resp. antipeak) if there exists a psh function ϕ on D such that lim z→p ϕ(z) = 0 2010 Mathematics Subject Classification. 32F45. Key words and phrases. Kobayashi, Azukawa and Sibony metrics. The second named author was partially supported by the Bulgarian National Science Fund, Ministry of Education and Science of Bulgaria under contract DN 12/2. This paper was started while the first named author was visiting the Institute of Mathematics and Informatics, Bulgarian Academy of Sciences in September 2019. and sup D\U ϕ < 0 (resp. lim z→p ϕ(z) = −∞ and inf D\U ϕ > −∞ for any neighborhood U of p. Note that the notion of psh peak point has a local character, and such a point admits a negative psh antipeak function (see the proof of [4, Lemma 2.1.1]). Assuming that ϕ is log of a holomorphic function, we define the notation of holomorphic peak point.
Strong localization of invariant metrics as in (2) below plays crucial rule in many boundary problems in complex analysis. Such a localization for K D near a psh peak point follows by [1, Proposition 2.1.a)] (see also [4, Lemma 2.1.1]). The same is true for A D near a holomorphic peak point (see [6, Corollaries 1 & 2] . A quantitative version of strong localization for K D near special holomorphic peak points is given in [3,
The main aim of this note is to give a quantitative version of strong localization for A D and K D near a psh peak point in terms of the respective psh peak function.
Then for any bounded neighborhood U of p one may find a neighborhood V ⊂ U of p and a constant m > 0 such that
In particular, since M D∩U ≥ M D , then
( * ) In addition, if D is bounded, then V ⋐ U can be chosen arbitrary.
Proof of Theorem 1
Proof. The case M D = K D . By [8, Lemma 2], we have
Note that
(≥ follows by the Schwarz lemma for log-sh functions). Hence
Let now W = B(p, 1) and θ be a negative psh antipeak function for D at p. We may assume that U = B(p, r) (r < 1) and
For any neighborhoodÛ ⋐ U of p, we may choose first m and thenm such that
It remains to observe thatφ = mϕ for z near p which implies (1) for
Let V ⋐ W be a neighborhood of p and
For z ∈ D ∩ V and w ∈ D ∩ U, set v z (w) = g D∩U (z, w) + mϕ(w) and
Since p is a psh antipeak point, an obvious modification in the proof of [6, Theorem 1] (see also the construction ofθ above) implies that one may find a ball W = B(p, r) and a constant c > 0 such that for any z ∈ D ∩ W there exists a psh function θ z < c on D with θ z (w) = log |w − z|, w ∈ D ∩ W.
The rest of the proof is similar to that of [2, Lemma 5] . We may assume that U = B(p, r/5). Let ε ∈ (0, r −2 /2], z ∈ U and v z be a competitor for S D∩U (z; X). Setting
is a psh function andv z =ṽ z near z.
If w ∈ D ∩ U, then |w − z| < 2r/5 and henceθ z (w) < 0. So, we may choose a number m such thatθ z + mϕ < 0 for any z ∈ D ∩ U. Then (1 + εe 2c ) −1 ev z +mϕ is a competitor for S D (z, X) which implies that
It remains to let ε → 0. 
and now ( * ) easily follows.
Further results
The next proposition is known (with a different proof) in the case, when D is bounded and M D = K D (see [3, p. 244, Remark] ). Set d D = dist(·, ∂D). Proposition 2. Let p be a strictly pseudoconvex boundary point of a domain D in C n . Then for any neighborhood U of p one may find a neighborhood V ⊂ U of p and a constant c > 0 such that
In addition, if D is bounded, then V ⋐ U can be chosen arbitrary.
Proof. It is well-known that there exist a constant c ′ > 0, a neighborhood U ′ of p and a continuous function h in the closure of (∂D ∩ U ′ ) × (D ∩ U ′ ) such that for any q ∈ ∂D ∩ U ′ : (i) h(q; ·) is a holomorphic peak function for D ∩ U ′ at q;
where n q is the inner normal to ∂D at q. Settingφ = log |h|, it remains to repeat the proof of Theorem 1 for q near p. 
Proof. There exists a bounded neighborhood U of p such that D ∩ U is biholomorphic to a convex domain. Then Lempert's theorem implies that K D∩U = A D∩U = S D∩U . It remains to apply Proposition 2.
Corollary 4. Let ε ∈ (0, 1], k ∈ {0, 1}, ε k = k+ε 2 , and p is a C k+2,εsmooth strictly pseudoconvex boundary point of a domain D in C n . Then there exist a neighborhood V of p and a constant c > 0 such that
Proof. Corollary 3 implies that it is enough to get Corollary 4 for K D which is exactly [7, Theorem 2].
Corollary 4 remains true in the C 2 -smooth case, replacing the term Cd D (z) ε k by any positive number.
Finally, we claim the following weak localization for M D which can be easily derived from the proof of Theorem 1. In particular, if D is bounded, this holds for any p ∈ ∂D and any V ⋐ U.
Note that Proposition 5 for A D is claimed in [6, Remark, .
